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The plane contact problem of the theory of elasticity for a semi-infinite plane, a strip and
a quarter-plane has been studied in [1 to 9] and others.

In the present paper the solution of a contact problem for an elastic rectangle is re-
duced to a quasi-completely regular infinite system of linear algebraic equations with
finite absolute terms.

The theory of infinite systems of linear algebraic equations has been successfully
applied to the solution of elasticity problems by Koialovich [10], Kantorovich [11],
Arutiunian {12] and others.

1. Consider the plane problem of the theory of elasticity for a rectangle (Fig. 1) with
symmetrical boundary conditions when the external load is specified on the part of the
longer sides of the rectangle (-~ 2a -~ [ { x { =24, 0 £ x < !) and when the normal displace-
ments and shear stresses are given on the remaining part of the same sides (i.e. under the
die). The shear stresses and nomal displacements are also specified on the sides
% =~2a — [ and x = l. In the particular case when these stresses and displacements on the
lateral edges and the shear stresses on the longitudinal edges of the rectangle are zero,

we have the periodic contact problem for a strip.

We seek a solution to the problem by using an
Airy stress function, which in the absence of mass
forces satisfies the biharmonic equation within the
rectangle — (2a + 1) < x <!, - A<y <A

The stresses and displacements can be ex-

pressed in terms of the stress function @ as

follows:
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Here £ is the modulus of elasticity, v is Poisson’s ratio and a*, b* and c* are the
constants which determine the rigid-body displacement of the elastic body. By virtue of
the symmetry of the boundary conditions about the axes of symmetry of the rectange we
need todetermine the function @ (x, y) only for the first quadrant of the rectangle.

We denote the stress function P in the regions I and 2 by P, and ®,, respectively

Dy {r, ¥) in region I

@ (z, y) =
(= 9) ©, (x, ¥) in region 2 1.3)
We seek the biharmonic functions P, and @, in the form {13 and 14]
1 ol
@y (2, y) =5 (42* + Biy?) + D) [4,Y cosn 0y + 3 oy sinh ay] cos a4
k=1

[0}
+ D) 16W conn Bz DY atnh By 4 Byw (B D) cosh Bz i (1) sinh By7)] cos By

k=1

(—a<x<0 0L y<Lh) (1.4)

02(9: 3{)=~‘(42x2 - Bay?) 4 2 [A ) cosh Y - Bk{2) Tes stnh T,y] 08 147 +

FES
(2) con
+§1 IC h B T Dk(z) sinh B x+ ﬁkx(E (2) cosh 3/&”'%‘ F {2y sinh Bkz)l cos Bky
where
O<Lae<l, 0<y<h) (1.5)
krn kn kn

“="a B=7 M= (1.6)

Because of the symmetry of the boundary conditions we have

(1.7
Tyy {2, 0) =0, v{z,0)=0 (—a<<zLh
Txy(_\asy)zav u{— a,y =20 (0<y<h) {1.8)
The following conditions hold on the contour of the rectangle:
s : dy e (1.9)
Ty (1, ) =) ysinByy,  u(ly)=—5 + 2‘, keosBy  (0<y<h)
k=1 k=1
co o0
bo = i
v (x, h)=—2——+2 b, cos ayz, Tyy (%, h):Z a,sina,z (—a<lz0) (1.10)
k=1 k=1
fo -
oy (z, ) = +2 Fr COS 1%, Ty (2, h)_Z e sinyr  (0<e<Lll)
k=1 k=
' (11D

In addition, on the side common to regions I and 2 the conditions of continuity of the
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stresses Txy and Oy and of the displacements u and v must be satisfied. They are

1.12)
W00 = 0 RON=R0D  ocycn
a2 (0, y) = a,® (0, ), 2t (0, y) = v* (0, ) (1.13)

The superscriptindicates fromthe side of which region the guantities are calculated.

2. Substituting (1.4) and (1.5) into (1.7), we note that the first condition of (1.7) is
satisfied identically. From the second condition we have that

(2.1

a*f = * =0

Satisfying conditions (1.8} to (1.11) according to {1.4) to (1.6} and (2.1}, we obtain

Eb, a . do {
A= g~ + By, b= (Bi—vd),  bt="7 — F (B vA) (9.9
a
(Ak(l) e Bk(l)) sinh akh - Bk(l) akh cosh ;xkh = _a-kf"—
k
1 _ p (v va, Kb
(Ak Bk ) sinh akh+ Bk(l)akh cosh akcmhz—-akﬁ«—ua’i (2.8)

_ (Ck(l) + Fk(l)) sinh Bka -+ (Dk(l) + Ek(l)) cosh Bka . Bka (Ek(l) sinh Blca . Fk(l)‘—‘“hﬁka) =0

—(C W —F,®) awmhga (D,V — E, V) cosnBo | Bra (B, stnbB a0 — F DeoshBia) =0

(2.4)
(€@ + F @) sinn Bl + (D,P + E,D)cosnBil + Byl (E,® sinn Byl + F P cosnfl) = éﬁ-
(2.5)

(Ck(‘z) . Fk(z)) ston B0 + (Dli(2) _ Ek(z))coth Byl -+ Byl (Ek(Z) sinh B,J -+ Fk(‘z) cosh 8, 1) =

Ve, Ed,

TR T B

i
(A4, + B @) smn 1k +- B® 1k cosn 1ih= e (2.6)
From {1.4), (1.5) and conditions {1.12) we obtain

DY+ EM=D® 4+ E®, DW_g®W=Dp®_E®, b* =by* (2.7

Here 0% and b% are the values of * in the regions I and 2. We introduce the notations

h Xy (—1)*1 (— 1)1
@ __ " @ =1 f @ _ .8
B, =y wnnh o D= " Y, E%= B z, (2.8)

Making use of (1.4), (1.5), (1.11) and (1.13) together with (2.1) to (2.7), we obtain after
some rearrangement the following set of three infinite systems

o oc
X, = kE e, Yy + kZ borZy -+ my, (rp=123,...) (2.9)
=1 =1

oo o0
Yp = Z Ckak -+ oy, ,Zp = kz dkak + Ty (2.10)
k=1 =1

where
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.= 2o 1 b 2 Bt (2.11)
® ALy B + 1% ° TRy B R
5B 7 4 2By 1
Cpy = lgp (Tk L Bp? + 5= 2Ep ) T + By 7 dp;, e 'E;- m (2.12)
2 ay e 2 o (=1
" Wn‘pgp'g-, (?;‘77;)+ hlrplp 2 % By X

o«

By 1B, + (24 v) 1] 2E (—1 )PT,, (— 1) B
X {1 —(—1)? (Bka F ,rpz)z } zj a B+ Tp’)’ + (2.13)

1 Eifa dy 2 I+{(1—v)a
- hyplp [jp +epoothph —fo — 7 (77 bo -+ Tﬂ + Tolo vhl B

a oy [“k2+(2+v)3p3 1+v_11,i‘*x2+(1“")8p‘]+
ip== hzgpz,,, Z ak B 4+ Byt T E, 3

+

b 2 o0 2
2E Bp % oy Np 2 £, i »_1 ~+ vip
“‘”ﬂi"a;auﬁﬁp“ (akww + 2£p>"‘ RiBoE, é};{ (»:,,*+Bp2 29 F.,,)

(=P —v) 1 + EBy
+2pr Epeinh Byl [(1 T—v Pl cat.thl) ep— T (1 -+ BpleotByl) di’} +

(=1 (1+v) 1 EByp E mp (at] Lo
21R,, stok Byl E%(P+i+v p/+ 213, ap2< b+ )
_—=v)@a+l np
vlzﬁp gp B (2.14)
14+v o 8 GE+E—V)B}? E & b,‘
T TNRRE, 4 o T o7 B g, 2 a,g—;-s,,a

A4y (—i)”(1+v) EBp E e+  d
+ SRBE, 2 Ty T R Epemn ,spz( etV )‘*”2:2;3,,5 (% bt )

_{U—v)@e+)

VBB E, D (2.15)
Bpa Bl _ 1ok
Ep = eothB,a t-coth (7, Mp =u-n:’%;; —{—;m , Lp ==cothyph -};W (2.16)

and the relations

1+ (1 — ) e o
—"*J“BI*E (Yy+Z,) — hz ( J.)____%_E ( g: 0k+

k==1

o
’A a dy i RS < B
tor (Fw+ THgh) B= Zl<ak““7}; +B

From (2.2), according to (2.7), we obtain
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va
bi* = by = — 5= bo + (! «—»v?){,—i?l (2.18)

qubstituting (2.17) and (2.18) into the third equality of (2.2), we find that

E dy - (1—")a
"”Z< X >_21( bot )"r B (219

Thus the coefficients A;‘” and B,g” can be determined directly from (2.3). The const-
ants b,*, b,*, 4,, 4, and B, can be expressed according to {2.2) and {2.17) to (2.19) in
terms of B,. The coefficients C,\), D,V g, ), F U, 4,8 €,® and F @) can be ex-
pressed on the basis of (2.4) to (2.7) and (2.8) in terms of X, Yy and Z, for the deter-
mination of which we have the infinite systems of linear equations (2.9) and {2.10) with
absolute terms dependent on B, . The coefficient B, can be determined from (2.17) using
the solutions of (2.9) and (2.10).

3. We shall now prove that the set of infinite systems (2.9) and (2.10) is quasi~

completely regular. The sum of the absolute values of the coefficients of equations (2.9)
is given by

bt - & IBE—1ptl -
e _ 2 —
2 fap] - 2 oo | = R, {2 B +7 2 B F 1,7 J
k=1 k=1 k=1 G.1)
[oe] .
22, 1 Lk — | 3
", (zp) 2 BTz +Z (k3+x2)2 ] r=1,2,...)
k=1
where N B
T
zp = :T.L =p— Ep (2p) ==ecoth 2,7 +.F1p:;;n— (3.2)
[e o] oo
D lape |+ 1oyl =
=1 k=1
oc p b k2 p 2
— 2% T K2 — zp? *p ]
Ly (7p) LZ}-I k'—{— g z_} RN k2°+1 GEET (3.3)
Here fc ® is an integer defined for the integers &k & k by the inequality
£ — xp < 0 (3-4)
From (3.4) we obtain
k<<
pN (3.5)
From (3. 5) we have, for the expression (3.3),
= Lo CRTI
E'“pk!+21bphl— x)[E k2~Lx kzuz)z—ZZmyf]:
k= K1 k=1
ke

2rp n ( 1 n apir? 1 - 1
—_—r (LI B WOELL A - 2 — e
T onlp(zp) [29: coth Zplt E% 1 > ‘ Z;rp( sinh? x,,st)xpn +2xp %1 (k2 4 xR

k

k2

p

{ _wpht 11—z {3.6)
2 (K @) } s Lo (xp {cah T o ZpTt xp 1t *
P
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+ -i— (1 + tan~? —%ﬂ = f(xp)

Here we have used the following sums and inequalities [15] :

co (3.7
\ o ! ra—— .ﬂ (cothrpn— ! )
- K+ xy 2y, £
< 1 ___n( ,_ aplt __2) (3.8)
;ﬂ R T T cothTpT 1 nd z, Zpn
oo
K2 = % )
Rz“—l (B2 4z, {\cothxpx—“nh”p“ 39
E_* k,°
L4 1 X dk 1 7
2 (k2+xp2)3 <~ S (k2+xp2)2 é 4xp3 (i + ‘2“) (3.10)
k=1 0
-] k o
i it ¢ kedk ® Rk t
Z (kz_}_zpz)z > S (k2+1p2)2 /S (k2+xp2)2 - 4zp2 -
K=t 1 1
1 n 11—z 1 4
4xy (7—1"}—; 14 z,? — 2 tan .1:,,) (8.11)
We find from (3.2) and {(3.6) that
2
lim f(zp) =1+ —F" (3.12)
xp—-)oo
For the second system of (2.10) we obtain
(3.13)
Res] [ee] [v0]
1 4y k2
Cok ! - [: S‘ Y o ] == P [
Z___l' i 2 G = B T, zap W T Wl |2 e

Np (yp) 1 1 Ypot Np (Yp) 1\
3 2 ap(y,»z Byt } Ep (Up) [‘”"‘91’“ SRRy T G () ("“"”P“"'y';?w)]“
= @ (Yp)

where (3.14)
Bp : Yo YpTt ypna/l
Yp="y =P~ Ep (yp) =sothyplt +eoth="y—, Mo (¥p) = =50 T rmi (y mall)

From (3.13) and (3.14) we find that

lim @ (yg) = Yy (yp — o) (3.15)

For the sum of the absolute values of the coefficients of the third equation of (2.10)
we have

28 S 1 2 oo N
{4 o 7P m
2 | =g 2 RS Tt () ;1 Byt
% K==t =

i
feompn— ) = (s

B (3’1’) (3.16)
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From the inequalities

1 ¥y
coth ¥, — 5‘! P /\ 1, coth Yyt _,ﬂcoth 7
}l

>2 for OCypn<Coo  (3.17)

and from Formula(3.16) we obtain
Py <Vy  for 0 yp o0 (3.18)

Thus, from (3.12}, (3.15) and (3.18) we have the following estimates for the sum of
the moduli of the coefficients of each line of the infinite system (2.10) for 0 <yp Lo

(3.19)

e = 1 1

hm {ZIQPK‘+Z‘pr}<1+‘E, yhglmzlcpk[::-‘rs Zidpklg?
P k=1 k=1

Substituting Yp and Z,, from the second and third systems of (2.10) into the first, and

ip from the first into the remaining ones, we obtain an infinite system in the unknowns
Y and Z
p'op P

oo oG oo
XP = 2 2 (am"kn + bpkd!‘m) Xﬁ + E (apknk -+ bpkrk) + My
k=1 n=1 k=1
o oo o o0
Y= 2 ek ( 2 ¥ + 2 bnan) - E eppmy + np (3.20)
k=1 na=l Nzl k=1

(p=1,2,...)

o0 (o) [we] [0 o]
Zp = 2 i ( 2 BenY - 2 bknzn) + 2 dppmy + Tp
k=1 n=1 n=1 k=1

For the sums of the absolute values of the coefficients of system (3.20), according
to (3.19), we have the following estimates:

liﬂwlgln%Ilapkckn”f"bpk IR Ilm Zlap;‘lzlckn |-+ llm Z pk;E inl=

n=i
Yo > yp%oo y o0 k=1 =]
'?f) co [s.03 oo OO [ 4]
— T 1
w3 el (3 1900+ 3 1) = 1 3 1l (3] 1143 t0a1) <
yp~»oo N==] K==} k= y}l;_wo n=t F==1 k=1
1 2
< (1 + —3{—) = 0.5-1,6366 =1 — 0 (3.21)
(o] o [ee] 2
xl?&g}“ Fki(g |G | + 2 ) (14~?>:O.S-i.6366:1-—8
Y00 =
1
xll_x)nmz fdph;(E [@n | + Z bin | ) 7(1+ )._0,5-1.6366==1-e
!p T2l ==}
(0 =0.1817)

Note that the estimates (3.19) which were derived for x -+ o and yp o0 are already

p
valid, for % >5 and yp

In addition, from (3.6), (3.13) and (3.16) we easily see that
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limf(z;) =%, as z,-0, lime (5,) = limy(y,) =0 e y,~0

and the sums of absolute values of the coefficients of systems (3.20) tend to zero. This
enables us to obtain an approximate solutiog for the infinite systems with a high degree
of accuracy.

Thus, on the basis of (3.21) the infinite system (2.10) is, for arbitrary ratio of a, [
and h and any possible value of Poisson’s ratio, quasi-completely regular [11]. As can be
seen from (2.11) to (2.15) and (3.20) the absolute terms of the infinite systems (2.10) and
{3.20) are of the order of the Fourier coefficients of expansions (1.9) to {1.11}. Conse-
quently, they are finite and of the order of not less than p~! if the external load and the
first derivatives of the displacements v~ (x, h) and u? (I, y) are,in the given range,
piecewise continuons.

The quasi-complete regularity of the infinite system (2.10), together with the finiteness
of the absolute terms in {(2.13) to (2.15), enables us to evaluate the required coefficients
of the expansions of ® (x, y) (1.4) and (1.5) with any degree of accuracy [14]. On this
basis we can evaluate the upper and lower bounds for the stresses o, oy and Ty and the
displacements u and v.

Note that the series which define the required stresses and displacements are di-
vergent on the sides of the rectangle, In order, therefore, to determine the nature of the
variation of these quantities {and this includes the pressure under the die) it is necessary
to evaluate them at internal points very close to the boundary [14] where these seties
converge as geometrical progressions.

The solution of the contact problem for a rectangle when only the stresses are spe~«
cified everywhere on the boundary outside the contact area, together with numerical
examples illustrating the effect of external load and ratios of the dimensions of the
rectangle to the length of contact, will be the subject of a later paper by the authors.

BIBLIOGRAPHY

1. Muskhelishvili, N.I. Nekotorye osnovnye zadachi matematicheskoi teorii nprugosti
{Some Fundamental Problems of the Mathematical Theory of Elasticity). Izd-vo.
Akad Nauk SSSR, 1954.

2., Abramov, V.M. Problema kontakta uprugoi poluploskosti s absolintno zhestkim
fundamentom pri uchete sil treniia. (The contact problem of an elastic half-plane
with an absolutely rigid foundation in presence of frictional forces). Dokl. Akad.
Nauk SSSR, Vol. 17, No. 4, 1937.

3. Shtaerman, I.Ia. Kontakinaia zadacha teorii uprugosti {The Contact Problem of the
Theory of Elasticity). Gostekhizdat, 1949,

4. Galin, L.A. Kontaktnye zadachi teorii uprugosti (Contact Problems of the Theory
of Elasticity). Gostekhizdat, 1953.

5. Sherman, D.I. Ploskaia zadacha teorii uprugosti so smeshannymi usloviiami (The
plane problem of the theory of elasticity with mixed boundary conditions)} Tr. Seismolog.



684 P.0. Galfaian and K.S. Chobanian

in-ta Akad Nauk SSSR, No. 88, 1938.

6. Belen'kii, M.Ia. Smeshannaia zadacha teorii uprugosti dlia beskonechno dlinnoi polosy
{The mixed problem of the theory of elasticity for an infinitely long strip). PYY¥ Vol.
16, No. 3, 1952.

7. Borodachev, N.M. Ploskaia kontaktnaia zadacha dlia uprugogo tela konechnoi shiriny
(The plane contact problem for an elastic body of finite width). Izv. Akad. Nauk SSSR,
OTN, Mekhanika i mashinostroenie, No. 6, 1962.

8. Popov, G.la. K resheniiu ploskoi kontaktnoi zadachi teorii uprugosti pri nalichii sil
stsepleniia ili treniia (On the solution of the plane contact problem of the theory of
elasticity in the presence of cohesive or frictional forces) Izv. Akad. Nauk ArmSSH.
Ser. fiz.~matem. n. Vol. 16, No. 2, 1963.

9. Tonoian V.S. Ploskaia kontaktnaia zadacha dlia uprugoi chetvert’ ploskosti s
nepodvizhnoi vertikal’noi kromkoi (The plane contact problem for an elastic quarter-
plane with a fixed vertical edge). Dokl. Akad. Nauk ArmSSR, Vol. 37, No. 5, 1963.

10. Koialovich, B.M. Issledovaniia o beskonechnykh sistemakh lineinykh uravnenii
{Studies of infinite systems of linear equations). Tr. fiz.-matem. in-ta im. V.A.
Steklova, Vol. 3, 1930.

11. Kantorovich, L.V, and Krylov, V.l Priblizhennye metody vysshego analiza (Approxi
mate Methods of Higher Analysis) Gostekhizdat, 1962.

12. Arutivnian, N.Kh. Reshenie zadachi o kruchenii sterzhnei noligonal’nogo poperechnogo
secheniia (Solution of the problem of torsion of rods of polygonal cross-section) PMM
Vol. 13, No. 1, 1949.

13. Abramian, B.L. K ploskoi zadache teorii uprugosti dlia priamougol’nika (On the
plane problem of the theory of elasticity for a rectangle). PMM Vol. 21, No. 1, 1957,

14. Galfaian, P.O. Reshenie odnoi smeshannoi zadachi teorii uprugosti dlia priamoungol’nika
(Solution of a mixed problem of the theory of elasticity for a rectangle). Izv. Akad.
Nauk ArmSSR., Ser. fiz.-matem. n., Vol. 17, No. 1, 1964.

15. Gradshtein, 1.S. and Ryshik, I.M. Tablitsy integralov, summ, riadov i proizvedenii

{Tables of Integrals, Sums, Series and Products} Fizmatgiz. 1962.

Translated by J.K.L.



